How "negative probabilities" emerge in weak measurements? 
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We study the outcomes in a general measurement with postselection, and derive upper bounds for 
the pointer readings in weak measurement. Using the idea of weak measurement, we study Hardy's 
gedanken experiment and show how the "negative probabilities" emerge in weak measurement. 
By calculating the information gain of the measuring device about which path the particles pass 
through, we show that the "negative probabilities" only emerge for cases when the information 
gain is little due to very weak coupling between the measuring device and the particles. When the 
coupling strength increases, we can unambiguously determine whether a particle passes through a 
given path every time, hence the average shifts always represent true probabilities, and the strange 
"negatives probabilities" disappear. 

PACS numbers: 03.67.-a, 03.65.Ta 



I. INTRODUCTION 

Weak measurement, a quantum measurement process 
with preselection and postselection, was introduced by 
Aharanov et al. In a weak measurement, the expec- 
tation value of a quantum operator can lay outside the 
range of the observable's eigenvalues, and this has been 
confirmed in the field of quantum optics For very 
weak interaction between the measuring device and the 
quantum system, with appropriate initial and final states, 
the value of the meter's reading can be much larger than 
that obtained in the traditional quantum measurement, 
this can be viewed as an amplification effect. This ef- 
fect has been used to implement high-precision measure- 
ments, a tiny spin Hall effect of light has been observed 
by Hosten and Kwait Q; small transverse deflections 
and frequency changes of optical beams have been am- 
plified significantly Because of its importance in ap- 
plications, there has been much work on weak measure- 
ment [i^. 

Besides its usefulness in measuring small signals, weak 
measurement is also used extensively to analyse the 
foundational questions of quantum mechanics. Weak 
measurement provides a new perspective to the famous 
Ifardy's paradox [2^ . and the predictions by Aharonov 
et al. [l^l have been realized in experiments [IJ]. Us- 
ing the idea of weak measurement, Lundeen et al. (25| 
have directly measured the transverse spatial quantum 
wavefunction of photons, and Kocsis et al. [2^ have ob- 
served the average trajectories of single photons in a two- 
slit interferometer which could not be accomplished in 
traditional quantum measurements. As commented by 
Cho (27| . weird weak measurements are opening new vis- 
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tas in quantum physics. 

In this article we study the outcomes of the pointer 
readings and derive the upper bounds in a weak measure- 
ment, we apply weak measurement to analyse Hardy's 
paradox and discuss when the "negative probabilities" 
(observed in emerge. Observable negative probabil- 
ities seem confusing. In fact, the "negative probabilities" 
in Hardy's gedanken experiment are not true probabili- 
ties. The "negative probabilities" just indicate that the 
pointer's average shifts has an opposite sign from what 
is expected with the presence of positive number of par- 
ticles, hence the "negative probabilities" just indicate a 
negative effect, actually. In the literature [23, it has been 
obtained that the effect of signal amplification via weak 
measurement only exist for the cases when the interaction 
between the measuring device and the quantum system 
is very weak. Do the "negative probabilities" only exist 
in the case of very weak interactions, just as does the 
amplification effect? How can one view the emergence 
of the "negative probabilities" from an information the- 
oretical perspective? We shall discuss these questions in 
this article. 



II. THE RANGE OF THE POINTER'S SHIFTS 
IN WEAK MEASUREMENT 



To perform a weak measurement of an observable A, 
we need four steps. First, we prepare the quantum sys- 
tems to be measured in the initial state \'4>i). Second, let 
the quantum systems interact weakly with a measuring 
device. Third, we perform a strong measurement and se- 
lect the quantum systems in the final state IV'/)- Finally, 
we record the readings of the measuring device condi- 
tioned on successfully obtaining the final state of the 
system. The weak value was introduced by Aharonov et 
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where 



(V'/|A|V>.) 



(1) 



which can be written as = a + ib (with a,b € TV). 
The interaction Hamiltonian is generally modeled as 



H = gS{t -to)A(^p, 



(2) 



where g is the coupling strength with .g > and p is the 
pointer momentum conjugate to the position coordinate 
q. We assume that A is dimensionless and we use the 
natural unit h = 1. Jozsa Q has given the final average 
shifts of pointer position and momentum 



= (9)' - {q) = ga + gb ■ {{p, q}) 



(3) 



Here (6) denotes the expectation value of an observable 
6 of the device in its initial state, and (6)' with a prime 
denotes the corresponding value in the final state of the 
device after the interaction and postselection. Var^ = 
(Ap)2 (Var, = (Aq)2) denotes the variance of the pointer 
momentum (position) in the initial pointer state, and 
{P: q} = Pq ~^ qp denotes the anti-commutator. 

When one chooses appropriate initial and final states 
of the system such that {ipf\ipi) —J- 0, both the real and 
imaginary parts of the weak values can become arbitrar- 
ily large, and one might think that the average shifts of 
the pointer's position and momentum could become arbi- 
trarily large as well, according to Eq. ([3]). However, in or- 
der to obtain Eq. ([3]), approximations are used and only 
the first-order terms of g are kept; the approximations as 
well as Eq. ([3]) are no longer valid when (t/jfli/ji) 0. 
It was pointed out in [l^ that the average pointer shifts 
may have an upper bound, and this observation was also 
confirmed in [2^ [sOl- For the case when a qubit sys- 
tem weakly interacts with a pointer that was initially 
in a Gaussian state, it is shown in [2^ that the maxi- 
mum average pointer shift Sq {5p) over all possible pre- 
and post-selections (PPS) are bounded from above by the 
standard deviation Aq ( Ap) of the pointer variable in the 
initial state, i.e., max{Sq} < Aq and max{(5p} < Ap. In 
the following, we shall show that these upper bounds still 
hold for the more general cases. 

Wu and Li proposed a more general and precise frame- 
work of weak measurement by retaining the second-order 
terms of the coupling strength g [l^. When the initial 
pointer state pd satisfies (p) = and (q) = (these 
conditions can be always satisfied by choosing a suitable 
"zero point") and the variance of p is not changing with 
time, the expressions of the average shifts in q and p are 
obtained as 



Sq = 



Sp = 



5Re(A)^ 



l + .g2Varp((A)y-Re(A2)^) 
2,9lm(A),^Varp 



l + g2Varp((A; 



1,1 



Re(A2), 



(4) 



(5) 



(A),.. = ^lillZ^, (A),- = HilkW) ^ 



tr(H/p,) 



here ps is the initial state of the system (preselection), 
and H/ is a general postselection that could be a projec- 
tion onto a final pure state or a subspace. 

When the coupling strength is very weak, i.e., gAp <C 
1. we search for the maximum shifts of the measuring 
device using the expressions in Eqs. (j4|) and ([5|). The 
absolute value of the shift 6q 



\Sq\< 



5l(A) 



|l + (ffAp)2((A)^y-Re(A2),J| 



(7) 



If the observable A is a projective operator which satisfies 
A^ = A, we have 



5l(A) 



l + {gApmA)'^'-ReA., 



(8) 



First we prove (A)^ > \{A)J^. Let C = (A) 
\{A)J^, we have 



C = 



tr(Hj.Ap,A)tr(Hyp,) ~ tr(Hj.Ap,)tr(p3AH;) 
(tr(n/p,))2 



(9) 

The spectral decomposition of the operators ps and II f 
can be written as 



Ps 



J2P^\^^){H^ =^g,|0,)(0,|, (10) 



where '^^Pi = I, Pi > 0, and qj = or 1 since H^^ is a 
projective operator. The numerator of Eq. ^ is 



^Piqj{i^i\M4'j){4'j\i'^ 

We construct two vectors 

= ^y/pIq'j{ipt\A\4>j)\i,j) 

1^) = ^y/Piq]{'^M3)\hi), 



(11) 



(12) 



where {I*,.?}} is a orthonormal basis satisfying 
~ Sii'Sjji. So Eq. (fTT|) can be rewritten as 



F={a\a){b\b)-\{a\b)\' 



(13) 



From Schwarz inequality we have -F > 0, equality holds 
when I a) is proportional to \b). The denominator of the 
Eq. ^ is positive, so we have 



> l(^). 



(14) 
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In particular, when PPS are all pure states, equality 
holds. 

As gAp < 1, let K = 1 + (gAp)2((A)^'^ - ReA^,), and 
form Eq. we have 



A-> l + (,9Ap)2(|A„|2- |A^|) 

>{l^lgAp\A^\r + ^{gAp\A^\r 
> 



(15) 



These ranges are in accordance with the maximum shifts 
for the two-dimensional quantum systems given in (28| . 
So, when the coupling strengthen is very weak, the mean 
pointer's shift 6q can reach any value in [— Ag, Aq] by 
appropriate PPS. 



III. HOW NEGATIVE PROBABILITIES 
EMERGE 



From Eqs. 



1-^91 < 



and psp . we obtain 



l + (gAp)2(|A„|2-|A^|) 
9 



1 



(.9Ap)2|A.J - (gAp)2 



(16) 



< 



2gAp - (gAp)2 ■ 



As gAp <C 1, ignoring the (gAp)^ in the denominator, 
we get 



l^9l< 

The equality holds when |A^ 
derivation, one obtains 



1 



2Ap' 



(17) 



^ ^ 1. By a similar 



gAp 



\Sp\ < Ap. 



(18) 



These results can also be proved for the case when the 
observable A satisfies the property A^ = 1 via a similar 
proof. For a general observable A, we don't know how to 
prove Eqs. ((T7)) and (fTS)) . however, we can qualitatively 
show that they are still valid. As the coupling strength 
is weak, if one wants to achieve the maximum pointer 
shifts, one must ensure \A^\ ^ 1. For \A.u,\ ^ 1, the 
PPS are approximatively orthogonal (i.e., tr(n/ps) 0). 
For tT{IlfPs) 0, one can get |A„,p > \'Re{A'^)^\, and 
ignore the term Ile{A'^)^. In view of Eq. (fH|) . from Eq. 
(IHI one has 



\Sq\< 



|l + (gAp|A, 



< 



1 



2Ap 



(19) 



By a similar analysis, one can also show Eq. (|18p is valid 
for any operator A. So, the ranges of the average pointer 
shifts are given by 



2Ap 



<Sq< 



2Ap' 



-Ap <Sp< Ap. 



(20) 



These upper bounds of the pointer shifts do not contra- 
dict the statement that the amplification factor has no 
upper bound (as claimed in [30|), since the pointer states 
are fixed in our case. 

If the initial pointer state is a Gaussian wave function, 
we have Aq = . The ranges of the pointer shifts are 



Aq<5q< Aq, ~Ap < Sp < Ap. 



(21) 



Now we discuss how negative probabilities emerge in a 
weak measurement. For simplicity, we consider a projec- 
tive operator A = which has eigenvalues and 1. 
We assume the interaction between the measuring device 
and quantum system is described by Eq. the mean 
pointer's shift Sq must be in [0,17] in a general quantum 
measurement without postselection. The probability of 
obtaining the state \j) is inferred from the following for- 
mula 



Probi\j)) = ^-P. 

9 



(22) 



For example, if the mean shift of the pointer Sq = g, 
we infer that the probability of obtaining the state \ j) is 
1. In a general quantum measurement, if the coupling 
strength was too weak, and the shift of the pointer is not 
significantly greater than the uncertainty of the pointer 
variable in the initial state, then we can obtain negative 
values of pointer shifts even though eigenvalues of the 
projective operator are non-negative. However, the aver- 
age value of the shift is non-negative in a general quan- 
tum measurement without postselection. In the scheme 
of weak measurement, there is a postselection process, 
and we can collect more pointer shifts with negative val- 
ues to obtain a negative average value by postselection. 
For example, we can get Sq = —g by choosing particular 
PPS, and from Eq. we infer that the probability of 
obtaining state |j) is —1, then a "negative probability" 
emerges in weak measurement. 

In the following, we shall see how the "negative proba- 
bilities" emerge in the famous Hardy's paradox. In 1992, 
Hardy proposed a gedanken experiment which comprises 
two Mach-Zehnder interferometers (see Fig. 1) to re- 
fute the possibility of Lorentz-invariant elements of re- 
ality [2^. In Hardy's setup, an electron and a positron 
were injected simultaneity into the two interferometers 
denoted by MZ~ and MZ"*" respectively. By analyzing 
the trajectories of the particles. Hardy obtained a con- 
tradiction between realistic trajectories inferred from one 
particle's detection and the trajectories inferred from the 
other one's which is usually called Hardy's paradox. 

The arms of the interferometers are labeled as "over- 
lapping" \0), and "nonoverlapping" \NO), in Fig. 1. The 
setup is arranged such that, if an electron takes path \0)e 
inside MZ~ and a positron takes path \0)p inside MZ"*", 
then they will meet at point P and annihilate each other 
with 100% probability. The two paths \0)e and |iVO)e 
in MZ~ can be seen as two orthonormal states for the 
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Figure 2. (Color online) The pointer shifts in Hardy's 
gedanken experiment. The average pointer shift SqNO.NO in- 
Figure 1. Hardy's gedanken experiment. creases from -g to g/5 with the coupling strength g. 



electrons, and the two paths \0)p and \NO)p are two or- 
thonormal states for the positrons. Now, we make joint 
weak measurement on the Hardy's gedanken experiment. 
The pre-selection is that no annihilation happens, so the 
initial state is 

l^P)., = ^ i\0)e\NO)p + \NO)e\0)p + \NOUNO)p) . 

(23) 

The postselection corresponds to the fact that both D 
and £>+ click, in other words, the post-selected state is 



1 



{\0),~\NO),){\0)p~\NO)p). 



(24) 



The following occupation operators to be measured are 
projective operators 



Po,0 = |0)e(0|®|0)p(0|, 

Fo,NO = \0)e{0\®\NO)p{NO\, 
Pno,o = \NO),{NO\®\0)p{0\, 
Pno,no = \NO)e{NO\ ® \NO)p{NO\. 



(25) 



We use the formalism of weak measurements derived 
in (28| . which is valid for arbitrary coupling strength g. 
The initial state of the measuring device is assumed to 
be a Gaussian wave function centered on q = 



$(g) 



1 



(27rA2) 



- exp(- 



4A2' 



(26) 



and the standard deviations Aq = A and Ap — 
For the interaction described by Eq. ([2]), using the Eq. 
(11) in (28| . without any approximation, we get the mean 
shifts of the pointer for the four observable operators 
(Po,o, Po,NO, Pno,o and Pno no) 



5qo,o = 0, Sqo,NO = 9i 



SqNO,0 — g, SqNO,NO 



1 - 2e"5^ 
5 — 4e 



(27) 



When the interaction between the quantum system 
and the measuring device is weak (i.e., 5 <C A), as shown 
in Fig. 2, the mean shifts are 



Sqo,o = 0, 5qo,NO = 9, 
SqNo,o = g, 5qNo,No ~ —g- 



(28) 



These results are in accord with the ones given by Aha- 
ranov et al. [2^. From Eq. ip^ . inferred from the mean 
shifts, the probability of a particle passing through each 
path is given by 



Pro6(0, O) = 0, Prob{0, NO) = 1, 
Prob{NO, O) = 1, Prob{NO, NO) = -1. 



(29) 



The probability that the two particle both pass through 
the non-overlapping path {\NO)e\NO)p) is inferred to 
be —1, and the corresponding negative average pointer 
shift has been observed in experiments (23 |. But from 
the above calculations, we see that there is no true neg- 
ative probability. The observable quantities are negative 
average values of shifts, and the "negative probabilities" 
are just inferred from the shifts. So, the weird "negative 
probabilities" are just a negative effect, and not so hard 
to live with. 

When the coupling strength is large (i.e., g A), the 
probabilities inferred from the shifts given in Eq. (|27p are 
(see Fig. 2) 

Prob{0, O) = 0, Prob{0, NO) = 1, 

1 (30) 
Fro6(7VO,0) = 1, Prob{NO,NO) ^ -. 

5 



The probabilities in Eq. (|30|) are true probabilities that 
cair also be obtained from the formulae given in (3l] | , and 
the probability of the two particle passing through the 
path \NO)e\NO)p is 1/5. 

From the results obtained in Eqs. (PH)) and ([5U|) . for 
weak measurement, we have the statement that not all 
the probabilities inferred from the pointer shifts are true 
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probabilities when the coupUng strength is very weak; 
while the probabilities obtained are generally true prob- 
abilities when the coupling strength is strong. Next, we 
will show the reason why this statement is valid from 
a perspective of the information gain of the measuring 
device. 



IV. THE NEGATIVE PROBABILITIES AND 
THE INFORMATION GAIN 

The information gain of the measuring device is the 
amount of information about which paths particles pass- 
ing through. We use the strategy given in [33 to calculate 
the information gain. The initial state of the measuring 
device is the one described by Eq. (|26p . The information 
that we want to measure is about whether a electron pass- 
ing through the path |0)e, specifically. So the observable 
can be written as a projector 



PO = |0>e(0| = 



1 




(31) 



in the basis {|0)e, \ NO)e]- The interaction Hamiltonian 
is H = gS{t — to)Po (E)p, by the similar calculation given 
in Sec. Ill of the literature [2^, we get the maximum 
and minimum mean shifts of the pointer for arbitrary 
preselected and postselected pure states 



max — 2 



1 



1 



(32) 



Those two extreme values are in accord with the ranges 
given in Eq. pT|) . If all the average shifts of the pointer 
obtained in weak measurement are larger than 0, from 
Eq. (22), there will be no "negative probabilities" at all. 
If the coupling strength is weak (i.e., g <^ A), Sqo, mm ~ 
—A, we can get negative average shifts and "negative 
probabilities"; if the coupling strength is strong (i.e., g 3> 
A), dqo,min ~ 0, all the average shifts are larger than 0, 
and there is no negative probability at all, as shown in 
Fig. 3. 

Now, we calculate the information gain of the measur- 
ing device about whether electrons passing through the 
path \0)e- It is assumed that an electron passes through 
the two paths |0)e and |iVO)e with an equal probability 



So, the two possible states are 



Pi 















2 





(33) 



Using the strategy given in |32| . the information gain la 
of the measuring device can be calculated by the following 
equation 



la = S{pr) - - iS{piR) + S{p2r)) 



(34) 




Figure 3. (Color online) The minimum shift of the pionter 
and the information gain. 



where S'(pfl) is the von Neumann entropy of pR, and 



PR 



e 8A^ 



1 



1 

, Plfl - I Q Q ) , P2B^ 




1 

_(35) 

which can be obtained by Eqs. (16) and (17) in [S^l- So 
the information gain is 



= -AlogA-(l-A)log(l-A), 



(36) 



where A = (l + e~f )/2 and the base of the logarithm 
function is 2, and the information gain is a monotonic 
function of coupling strength g. 

For the weak interaction cases with g A, the infor- 
mation gain la ~ 0, as shown in Fig. 3. When the cou- 
pling strength is weak, since the measuring device obtains 
too little information, not all the shifts of the pointer 
could represent the correct information about which path 
an electron passing through. In weak measurement, we 
collect some shifts from all the shifts of pointer to obtain 
an average shift by the postselection process. If most of 
the shifts we collect can not represent the correct infor- 
mation, the probability inferred from the average shift 
does not represent the true probability any more. This 
the reason why the "negative probabilities" inferred from 
the negative average shift are not true probabilities when 
the coupling strength is two weak. For the case of strong 
interaction g ^ A, /a w 1, we can unambiguously deter- 
mine whether an electron passing through the path \0)e 
from the shift each time, and each shift can represent the 
correct information. Whatever shifts we choose to obtain 
an average shift, the probability inferred from the average 
is a true probability, since all the shifts represent the cor- 
rect information. So, we have given the reason why not 
all the probabilities obtained in the case of weak coupling 
strength are true probabilities; while all the probabilities 
obtained in the case of strong coupling strength are true 
probabilities. 
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V. CONCLUSION 



In conclusion, we have derived the upper bounds of the 
pointer shifts in general weak measurements, and given 
the conditions for obtaining maximum average shifts. 
Those results could be useful for the experimentalist 
who try to accomplish ultra-precise measurements using 
weak measurements. We have also studied the "negative 
probabilities" in weak measurements, and found that the 
"negative probabilities" emerge only in the case of a weak 
coupling strength just as the effect of signal amplification. 
We have shown that the "negative probabilities" are not 



true probabilities, but just negative average shifts; and 
we have given the reason from the aspect of information 
gain of the measuring device. We hope that our results 
could be useful for understanding weak measurements 
as well as some fundamental problems in foundations of 
quantum mechanics. 
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